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Abstract 

O , A theory has been presented previously in which the geometrical structure 

I I of a real four-dimensional space time manifold is expressed by a real orthonor- 

tjrv' mal tetrad, and the group of diffeomorphisms is enlarged. Field equations were 
obtained from a variational principle which is invariant under the larger group. 

pg I In this paper a suitable Lagrangian for a field with sources is presented and 

^ ' spherically symmetric solutions for both the free field and the field with sources 

^O • are given. A stellar model and an external, free-field model are developed. The 

\^ ', resulting models are compared to the internal and external Schwarzschild mod- 

CN ' els. The theory implies that the external stress-energy tensor has non-compact 

t^^ ■ support and hence may give the geometrical foundation for dark matter. 
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1 Introduction 



Let A'^ be a 4- dimensional space with metric (^^^^ and with orthonormal tetrad /i* . 
Thus Qf^^ = f]ijK'^h^^ where rjij = diag{ — 1, 1, 1, l}. Let V°' be a vector density 
of weight +1. Then a conservation law of the form V"^ = is invariant under all 
transformations satisfying 



X 



■,^«.,M-<M,.)=0 . (1) 



This property defines the group of conservative transformations of which the group 
of diffeomorphisms is a proper subgroup. Although we may view the space as a 
Riemannian manifold, the space is more general than a manifold [1]. In the Rie- 
mannian manifold interpretation we regard x^ as anholonomic when x" is non- 
diffeomorphic [4]. The geometrical content of the theory is determined by the vector 
Ca = h^{h^a,u ^ ^V,q) — 7^a/i' where the Ricci rotation coefficient is given by 
7* = /i* [1,2]. Pandres calls this the curvature vector. He shows that Ca is 
invariant under transformations from x^ to x^ if and only if the transformation is 
conservative and thus satisfies (1). A suitable scalar Lagrangian for the free field is 
given by 

Cf = ^— [ CCahd'^x (2) 

IGtt J 

where h = y/—g is the determinant of the tetrad. Using /i* = /i^^A}, we have 
extended the field variables [3] to include the tetrad h^ and 4 internal vectors A}, 
with internal space variable x^ . We assume that the metric on the x^ space is also 
r]ij = diag(— 1, 1, 1, l). The definition of the Ricci rotation coefficient is also extended 
using the A^ to 

TV = ^ "^'.;. + V/^>1,. (3) 

and the definition of Ca is also extended to Ca = T^- Using the extended Ricci 
rotation coefficients, one finds that 

C"C« = i? + T"^'^7a./3-2C?,-r7^^7.//i/(Aj,,,-A(,J , (4) 

where R is the usual Ricci scalar curvature. Thus, when the physical space is in- 
terpreted as a manifold, the free field exhibits terms suggestive of non-gravitational 
interactions [2,4]. Setting the variations of £/ with respect to h^ ^ and A} equal to 
zero along with the assumption that we may always choose A} to correspond to a 
complex Lorentz transformation (since /i* = /i^ A}), yields the field equations 

C, = . (5) 

Henceforth in this paper we will assume that we are working with a solution of the 
field equations for which the curl of the Af is zero. In this case, an identity for the 



Einstein tensor is 



This expression is not manifestly symmetric in /x and u, but the left-hand side is 
symmetric in its lower indices and hence the right-hand side must be as well. Thus we 
use a symmetrized expression to ensure this. Define for general -fC^jy, the symmetrized 
tensor by i^(^jy) = \{,K^y + K^^). Using (5) we see that the field equations may be 
also expressed in the form 

G^y = T(° j,).„ + T'^^(j,T'^^)^ + ^Of^u'Y" '''^aal3 = 87r(T/)^^ (6) 

with free field stress energy tensor Tj. The terms of Tj suggest that, when interpreted 
in Riemannian geometry, this new geometry produces a stress energy tensor with 
additional terms that could be the stress energy tensor for dark matter or dark energy 

[4]. 

One feature of the extended theory with field variables h^ and A) is that the 
internal fields associated with A} may be specified after finding a tetrad h^^ which 
satisfies the condition h^{h^^^^ — h^^^^ = . The tetrad W^ determines the gravita- 
tional field via g^^ and changes in A} have no effect on the corresponding Riemannian 
manifold [3]. If A} is a constant field such that r]ij = ?]/jAfA^ = diag(— 1, 1, 1, l), 
then the field equations are satisfied, however A} may be non-constant. There exist 
nonconstant (non-diffeomorphic) values of A} that satisfy the conservative condition, 
A^(Aj J — Ajj) = 0. With A} that satisfy this condition, the field equations, C^ = 
remain satisfied. 

The motion of a free particle in the inertial coordinate system is given by 

where —ds'^ = rjijdx'^dxK This equation when transformed to internal coordinates, x^ 

is 

d^x^ . , . . dx'^ dx^ 



-AfA* 



ds^ * ' ds ds ' 

where the right hand side of this equation is zero when there are no internal forces. 
We interpret the A} as the internal fields that via A) j correspond to electroweak and 
strong interactions. In the manifold view, with coordinates x" equation (7) becomes 

+ r" -^-^ = -TV-^-^ • (9) 



ds^ ^^ ds ds ^^ ds ds 

From (3) one sees that this equation of motion depends on A} ^. 



In the presence of sources the Lagrangian is of the form 

C = Cf + Cs= ji—^C'^C- + L^ h d^x (10) 

where Lg = Ls{x°') is the appropriate Lagrangian density function for the source. In 
this case Ca is nonzero and variation of (10) with respect to the tetrad results in 



/ "THT ( ^(m;i') ~ ^"^ (fiu) ~ 2^iJ.uC Ca H 9fiiyC^^ j + -{Ts)^u 



h h'^dht (fx = 



Here, {Ts)^y is the usual stress-energy tensor of the source the standard theory [5]. 
Thus 

C{tJ.;v) '~ C^qJL (^j,) — —g^i/C Ca H Qi^uC .^ = 8n[Ts)^u (11) 

and also we have the following identity for the Einstein tensor, 

G^u =( T(^ j,-).Q, + T"^(^T'^^)q, + ^gfj.u'T'^ '^Taal3 1 + 8'K{Ts)f^u (12) 

or 

G,u = 8n{Tj)^^ + 87r{T,)^^ . (13) 

We call Tj the free field stress energy and T^ the stress energy for the source. 

2 Spherically symmetric solutions. 

A. Free Field Case. We now exhibit spherically symmetric solutions of the field 
equations for a free field (5). Let r = ^^/(lc^^^+{x^y + {x^ . If /(r) is a positive 
differentiable function of r, then the tetrad field given by 

h\ = S'oSlyW) + ^^m + 5151 + 5151) (14) 

yields C^ = and hence is a solution of the field equations (5). The line element 
(metric) in spherical coordinates is given by 

ds' = -f{r)df + ^dr^ + ^de^ + ^^d0^ . (15) 

v/(^) v/(^) v/(^) 

Now change the radial coordinate r — > r so that r^ = —7= and f(r) = e^**^''\ Since 

these are differentiable functions, this change of coordinates {t, r, 9, (j)) — )■ (t, r, 9, <p) is 
a diffeomorphism and hence the field equations remain satisfied. The mapping r -^f 



is the simply the inverse of the function r = r{f) = re^*'-''-'. After this change in 
the radial coordinate r, we will now rename f as simply r. The tetrad in spherical 
coordinates may be expressed by 



e* 

(l + |r$') sin^cos(/) r cos 6 cos (j) — rsin^sini 

(l + |r$') sin^sin0 r cos 6* sine/) r sin 6' cos ^ 

(l + ir$') cos6' -rsin6' 



(16) 



where the upper index refers to the row and the prime indicates differentiation with 
respect to r. One finds that C^ = for this tetrad. The new metric is 



ds' 



1 



;2*{r)^^2 ^ ^^ ^ -r<^'{r)) dr^ + r^dO' 



2 • 2 

r sm 



(17) 



After a long, but straightforward calculation, one finds that the Einstein tensor equals 
a diagonal tensor which is in general nonzero: G^^ = 87r(T/) . The non-zero com- 
ponents are (with $ representing $(r)) 



Gu = Sn{Tf)^ 



g2$ [ i(^$')3 + |(^$/)2 ^ 2r$' + r2$" 



r2 f 1 + ir*' 



and 



Gn 



G 



H 



j,2 J.2 gjj^2 I 



Gr 



8nTo, 



8^W, 



r^ sin^ 9 



r$' 



i(r$')2 



ifr^')^ + (r^' 



/\2 



1^$' + 1^2$// 



l^^/^3 



'(l + |r<l>') 



(19) 



(20) 



One difference between this and the Schwarzschild metric [6] is that there is only one 
unknown function ($(r)) instead of two (the standard A(r) and $(r) functions). 
We will first work on the Gu term. One finds that 



e-''^'^Gu = ^-^('-- 



r2 dr\2 2(l + ir$')2 



-w r 



inpj 



(21) 



where w(r) 



Thus 



2 2(1 + ir<l>')2 



. Hence 



q,'(r) 



(l-^--l 



(i.i..'r^(i-^ 



(22) 



(23) 



and 



9tt = -e 



2${r) 



, where $(r) 



1- 



2w{r] 



dr 



(24) 



(this defines $(r) up to a constant). The function w{r) is related to the mass inside 
a ball of radius r for the free field and pj represents the density of the free field in 
the manifold interpretation. 

Let pr represent the radial pressure of the free field. Then one finds [6] that the 
radial pressure of the free field is given by 



87rp/ 



and from (22) one finds that 



^-r^PR 



ijr 



r^' - \{r^'f 



(l + |r<l>') r2(l + ir<l>')' 



(25) 



4rA/l- 



2w(r) 



4r + Qwir) 



(26) 



Let the tangential pressure of the free field be denoted by pt- We also find that 
Gee G^^ 

QTipT = — — = r, ■ 2 n ^'^'^ thus, 



r^ sin 9 



Snpj 



|(r<l>')3 



fr$ 



M2 ^ 1^$/ + 1^2$// 



= (l + |r$')^ 



(27) 



Using (22), the tangential pressure may be expressed in terms of w{r) and r by 



SnpT 



^r — 9w(r) — SrW 1 ^^ + rw'{r) 



(2^ 



Since |)/j 7^ p^ there are shear stresses and we see that (Tf) does not model a perfect 
fluid. 



' flV 



B. General spherical tetrads. With r = a/( 



X 



n2 



X 



2^2 



(x^)^, the general tetrad 



in spherical coordinates may be expressed by 

oHr) 



h' 



e""^'' u u 

e"^*-^-* sin 6 cos (p r cos 6 cos <j) —r sin 6 sin 1 

e^^''^ sin 9 sin r cos 9 sin </> r sin 9 cos ^ 

e^('')cos6' -rsin^ 



(29) 



where the upper index refers to the row. The curvature vector for this tetrad field is 
given by 



r 



0, 2-e"'^(r$' + 2), 0, 



(30) 



where components are in the order \t,r,9,4>\ and the prime denotes the derivative 
with respect to r. The tetrad (29) leads to the metric 

(/s2^_e2*Mrft2 + e2^Wrfr2 + r2(i^2^r2sin2^rf02 _ (3^) 

Comparison of metrics (17) and (31) imphes that for the metric of (17), (r$'+2) = 2e^ 
which then imphes that C^ in equation (30) would be identically zero. From (30) we 
see that the general spherically symmetric tetrad field does not generally yield C^ = 0, 
hence we consider whether there exists a spherically symmetric solution of the field 
equations which flow from (10). The metric (31) leads to a diagonal Einstein tensor 
with nonzero elements: 

G'. = l(-2re-A' + e---l) = -|il[lr(l-e-»)] , (32) 



G; = 1 (2rc-2*<l.' + e-'-* - 1) (33) 



and 



g-2A 



G^, = G\ = - (r$" + r($')' - ^"^'A' + $' - A') . (34) 

Using Gy^y = SnTfj^iy, we now decompose the stress-energy tensor using (13). From 
8n{Tf)^^ = T/,.„ + T"„,T-^, + I^^^.T^^^-T^,^, one finds that Tj is diagonal with 
elements 

HTf)u = ^ '-^^ -2 ' (35) 

HTf)„ = ^(-^(-^')^ + e'^ - l) and (36) 

r rsin^^ 4 ^ ^ ' ^ ' 

As indicated by (12) and (13), T^ is determined by variation of the Lg term in the 
Lagrangian (10). 



3 Models for the Interior of a Star. 

We will use the general spherical tetrad and the field equations which are derived from 
the Lagrangian (10) with Lg = p{r), representing the density as a function of r. It is 
well known that this Lagrangian with appropriate thermodynamic conditions lead to 
the usual perfect fluid stress-energy tensor [7,8]. With a tetrad that corresponds to 



(3^ 



a stationary basis (velocity of the observer is zero if h^ = for yU = 1, 2 and 3 ), one 
finds [6] 

Using the tetrad field of (29), we require that the radial and tangential pressures of 
the corresponding source stress-energy tensor (11) be equal, leading to the following 
differential equation with primes denoting derivatives with respect to r: 





-P 








0" 


7^/^ _ 





p 








u 








p 
















p. 



r^<^"-{r^A' + re^)$' = 2 - 2e^^ + 2rA' 
After multiplying by an integrating factor and integrating, (39) implies that 



(r$' + 2)( 



,-A 



ure 



/(r-leA) 



(39) 



(40) 



where k is arbitrary. We assume that Ca has compact support and is a smooth 
function and hence integration of the C^^, term over the region of support results in 
a value of zero and hence does not affect the overall mass of the source. If one drops 
this term (or incorporates it into the p{r) function), then one finds that 



and 



Sttp 



8np 



liKef^^-'^''^ 



K,e 



Une^ir---') 



(41) 



(42) 



We also note that for this internal solution that the curvature vector in the order 
t, r, 9, (f) is given by 



C„ 



0, K&^e 



^Jir-'e"^) 



, 0, 



(43) 



This gives C^C^ = K^e^-'^'^ ^ •* and as in the free field case, the field equations imply 
that the Lagrangian has a value of zero. 

Let R represent the radius of the star and let M = m{R) denote the mass-energy 
inside the star. The determining factor for the radius of the star is that the pressure 
of the gas drops to zero at the surface, i.e., p{R) = 0. This implies that either k 
is identically zero or that ne-l^^ ^ ) = ^ when r = R. At this point we will specify 
the arbitrary constant in J(r^^e^) by expressing it as a definite integral, J^{r~^e^)dr 



and hence k 






%. Hence we have 



Snp 



i?2 



=2/5(r-ieA) 



and 



8np 



Rr 



Jair-'-^) 



R^ 



(44) 
(45) 
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Figure 1: Stress Energy Tensor Components: Solid: Density, Dashed: Pressure 



Using (44), we have p = j:^^^-'^''^ ^ "* and hence 

2p ■ 

Note that this imphes that p' > 0. From (40) we find $' 



p_ 
p 



(46) 
2 VTTr£_ ^^j hence 



Vp 



(47) 



where C is an arbitrary constant which may be chose so as to make g^^u continuous 
at the surface of the star. Thus the model is determined by specifying p(r) and the 
positive constant of integration for integration in (47) with the additional condition 
that p' >0. 

Example. As a reasonable model, suppose that p{r) = ^-W ■ '' 1, . If the 



64 



value of R is set to be i? = 2 (note, in geometrized units the radius of the sun is 



R = 2.333), then (46) and (47) give e^ 



2 r + 1 



r + 2 



and e* = C{r + 2fe 



The curvature vector is C, 



p 







r(r+l) 



0,0 



. One find that -G\ = ^(±|g#. Note 



that hmj._^o+ —G\ = oo and at r = 2, the value of —G\ is ^. We also find —{Tf) 
8 , 7^7 ^ 19^6 _ 23^5 _ 224r4 - 428r3 - 240r2 + 192r + 256 



r 



128r(r+l)s 



which has an infinite 



value at r = and approaches a negative value (— ^) at r = 2. If one inves- 
tigates the pressures, one finds that Syrp = -^{2 — r){r + 2)(r^ + 4r + 8), which 
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Figure 2: Einstein Tensor Components: Solid: Density, Dashed: Radial Pressure, 
Dotted: Tangential Pressure 



is positive for < r < 2. The total pressure associated with G^ term is given 

, ^, -r^ - Qr'^ - 13r3 - lOr^ + 6r + 32 , . , , . ^ . 

by G = -^ , which has an mhnite positive value 

8r(r + 1)'^ 

at r = and becomes a small negative value (~ —0.5) as r approaches 2. Simi- 

^8 ^ 7^7 ^ ^9^6 _ 3^5 _ ii2r^ _ 200r3 - 72r^ + 48r + 32 



lar features occur for G , 



For Tf one finds {Tf)\ 



^7 a^6 



64r(r + l)^ 



g^6 _ ^3^5 ^ 4^4 ^ 44^,3 ^ 32^2 ^ 32^ + 12^ 



and also 



128r(r+l)2 

,^,f, r^ + 7r^ + 19r^ + r5-80r4- 116r3 + 80r2 + 160r + 64 ^ , , , 

(Tf) n = . Both 01 these ap- 

^ ^^^ 128r(r+l)3 ^ 

proach +00 as r approaches 0. The (7/)'^ component drops to a small negative value 

as r approaches 2 (?^ —0.2). The (T/)^ component is strictly positive on < r < 2. 



4 External Solution. 



In order for the external solution to agree with the weak-field solution as r — )> 00, we 
will identify w{r) = |M for r > R, the radius of the star. Thus from (21) we have 



iM = - '- 

2 2 2(l + ir$')2 



and hence 



(^ir) 



rJ\ 



M r 



dr 



(4J 



which can be easily integrated to find $(r) = 41n(l + wl 
arbitrary C > 0. Thus 



— ) + ^ In C for some 

r / 2 



(49) 



The arbitrary constant C is determined by the usual weak field approximation [6] 

2M 1 

which is (7jt ~ — 1 H . This implies that C = ^. Hence 



gtt 



256 



1 



r / 



We thus obtain the following line element: 

8 



ds^ 



1 



256 



1 



Expanding gu in powers of — , we find that asymptotically, to second order, 



gtt 



2M 5M2 
-1 + ^-^ , r » M . 



Using (18-20), the Einstein field equations for the external solution are 

Gtt = SnTtt = 



Grrr — oTlTr'. 



M 3./l-^-l 



r^d-^Kl 



1 _ M 



Go 



Ga 



87rT„ 



^^ sin^ 6 



r^ sin^ 



-M 9./1 



M 



2r2 1 + Jl 



M 



Or 



Sttp = 



M 



H 1 + a/1-^ 



Snpx 



M9^ 1-^-7 



2r2 1 



I _ M 



(50) 



1 _ ^ j rft^ + (l - y ) 'rfr^ + r2(i^2 ^ ^2 gi^2 ^^^2 _ (5^) 



(52) 



(53) 



(54) 



10 



Asymptotically we have 



M / M 



M ( 

M ( IM 
8^^^- -^(1- — 



, r » M . (55) 



^ d$ 2 2 

From T^j^ = 0, with T'^j, = diag{0, p fi{r), pt (r), pt (r) ) and 



dr r./l-^ ^' 



one finds (22) 



"^^^ -2p^(r)f^-^-i)+^(^^(^)_p^(^)) . (56) 



dr V ^ /i M r J r 



We see that this equation asymptotically gives 



^ -■ -pR{r) i — ] + - { prir) - PR{r) ] . (57) 



(ir \r^ J r 

We note that at r = /?, there may be a discontinuity in the metric. One constant 
of integration in the internal solution is available to make the gu term continuous. 
The discontinuity in the grr may be smoothed out using appropriation transition 
functions or perhaps explained in terms of surface tension. 

Noncompact External Solutions. If the density outside (for r > R) is small but 
nonzero, a realistic function that agrees with the weak field solution must have the 
property, limr_5.oo w{r) = \M . These noncompact solutions may realistically model 
the exterior of a star or the distribution of matter in a star cluster. One particularly 
simple model is given by 

M M^ 
w{r) = — -t^ . (58) 



2 8r 
^ = (1- 



With this choice, 1-^ = 1-M + M^ = (1_ M)2. Thus, using (17), (21), (26) 
and (28) we have 



and 

87rp 



These equations are exact. 



4^4 

^irpr = -ril (60) 

r'^ V r / 

M ( 5M\ 



11 



A second model is given by 

2(1-1^) 



w(r) = -^ ^ . (61) 



With this choice, one finds that the metric is 



ds^ = -(^l-—yt^ + ^ ^dr' + r'dd' + r' sin' ed<P^ , (62) 



and 

5M2(l-2Mi) 

%np = 5^ i^ 



Sttpj 



M(l-M)(i_3M) 



8^^^ = .;. smV^ (63) 



3M\3 



2-^1-1^) 



5 Motion of a Test Particle. 

We now investigate the motion of a test particle in the external field solution. An 

efficient procedure for doing this is one that extremalizes an appropriate Lagrangian. 

The motion of the particle will be an extremum of the Lagrangian C = \g^uU^u^ , 

dx^ 
where the velocity w" = — — . For convenience, we will use the "dot" notation for the 

dr 

components of m", i.e. -u" = {t,r,6,(p). We will first investigate the motion in the 
geometry determined by (51). From (51), 



1 /■. , /, M\\, , 1/, M^-l.^2 , 1,2^2 , 1 2...-2<,J,2 



^-6r2['^r^v)'^-2['-V) r'^^V^^'^e,^ . (64) 
We may arbitrarily restrict our motion to the equatorial plane with ^ = f and hence 



1 / I M\^, 1/ M\-i , 1 „., 
£=-— - 1 + Wl \f + -(l ) r' + -r'(t)' . (65) 



512 V V rj 2\ rJ 2 

From the Euler-Lagrange equations we have 



dc d dc\ 1 / / My. ^ , , 

dt dT\dt) 256 V V r ) ' ^ ' 



12 



and hence 



/i + ,i *'^ 



-8 



t = 256Ei^l + ^l--j . (67) 

In these equations the arbitrary constant E is identified with the conserved energy of 

dH d / OjC, \ 

the test particle. The Euler-Lagrange equation — — ( — - ) = similarly leads to 

d(l) dT\d(b^ 






(6^ 



where the arbitrary constant, L, is identified with the conserved angular momentum. 

T^ 11 1 1 1 dC d fdC\ ^, , , 

Fmally we look at the r equation, — — — — 1=0. This implies that 

or dr \or / 



M 1 + Jl-^ 



;2 M -2 , ;,2 0? 

M. o„2/^i m\ dr 



128r2./l-^ 2r2 1-^ 



M\-i 

1 I r 

r 



(69) 



Using (67) and (68) and differentiating we have 

-512ME^ M ^ V 



2 



+ ^ ^^ +^--. M^ = • (70) 



r\ll-^(l + ,lV^Y 2rHl-^^' ' '" 1-- 



512M^^/l-M ^ lHi~^ 



+ 7 vr' + — ^^ '- . (71) 



Thus 



We now impose a normalization on the velocity by requiring that g^yU^u'^ = — 1. 

Therefore -^(l + i/l - f ) t^ + (l - fy^f^ + r'^^P = -1. Using (67) and 

(68) we may eliminate the i and <j) terms. This leads to 256£'^(1 + \/ 1 
= (1 — ^) r^ + ^ + 1. Substituting this into (71), we arrive at 



2mJi- 


M 
r 


+ 


L 


Vl-f(3Vl- 


M _ 
r 


-) 


r2(i+yr 


m] 

r ) 




^3 


\ 
- 1 






M(3y/l-M. 





(72) 



M \ / 1 I /1 M 



2r2 1-M i+./i_ 



^2 



A similar computation with the metric given by (59) results in 



r^ \ 2r I 2r'^ V 2r J r^ \ r 2r^ 

13 



With the metric given by (62) we similarly get 

._ M(l-^) M(1-3M) ^ L^(l-^)(1-^) 



'il-'-tf 2r2(l-^)(l-Mi) r3(l-^)^ 



Kepler's Law. The angular velocity is given by w = — , and so when the orbit 
is circular (f = f = 0) we see from (72) that 



M 1 + Jl-f 
^2^3 ^_V V , (75) 

128,/l-^ 



which asymptotically gives 

wV^M^l ) , r»M . (76) 

For the motion under the metric (59) one gets 

2 ^ .J. 3M 3M2 M3\ 

cjV^ = M 1 + — . 77 

V 2r 4r2 Sr^y ^ ^ 

We note that these results agree with Kepler's Law for large r. For the metric of (62) 
one gets exact agreement with Kepler's Law: 

wV^ = M . (78) 

Radial Motion. For pure radial motion (L = 0), (72) asymptotically yields 

Mf^ 3M\ M/ M\.o 

From the metric (59), one finds similarly the pure radial motion to be exactly given 
by 

M/ M\ M/ M^'^ 

From the metric (62), one gets 



^ = -37 l-TT- -^ l-TT- r' ■ (80) 



The magnitude of the r^ terms in (79-81) do not appear to be large enough to explain 
the Pioneer anomaly. The Pioneer spacecraft is traveling out of the solar system. A 
small acceleration toward the sun which cannot be explained by general relativity has 
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been observed over a period of years [9]. When r is small, the second terms in (79-81) 
would correspond to small accelerations toward the sun. For Pioneer the magnitude 
of this term should be about 8.74 x 10~^° m s~^, but (79-81) yields approximately 
10^^^ m s-2. 

Redshift. The difference between the values of gu in this model and the standard 
Schwarzschild solution would produce small differences in the predicted redshift. The 
redshift z = ^ = \gtt\^'^ — 1 for stationary objects. From (49) we find that 



16(l + ./l-f ) -1 ^- , r»M , (82) 



r 



and from (59) we find 



M\"^ _ M 



1 -1 ^ — , r»M . (83) 

Asymptotically, these results agree with the value found in the Schwarzschild geom- 
etry, i.e. z ^ —. At the distance of the earth from the sun, one finds the value given 
by (82) differs from the standard value by —6.25 x 10^^^, with a relative difference 
of —6.25 X 10~^. From (83) we find the value of z differs from the standard value by 
—7.5 X 10^^^ with a relative difference of —7.5 x 10~^. For the metric of (62) one find 
exact agreement with the standard redshift result: 

2M\~^ M 

- 1 ^ — , r»M . (84) 

r 

Precession of Perihelion. We now consider the precession of perihelion prob- 
lem. We follow the procedure of Misner, Thorne and Wheeler [6], starting with 
conservation of 4-momentum which leads to 

^"^'--ii,r-<^r-^'^'-H^r^.^^o ,85, 

where /i is the rest mass of the particle. Again, we restrict the motion to the plane 
61 = f. With ^ = ^, L = ^, and r = aX, we find that 



/dry _ -g^^E^ 1 / L^x 

V dr / Qrr Qrr V T^ / 



Using J = ^^, with u=f andL^ = ^, one finds that 
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When the orbit is circular at -u = mq = — , the effective potential, f{u), has a minimum 
with both /("Uq) = and /'(mq) = 0. Hence f{u) ~ |/"(-uo)('u — uq)^. Via the chain 
rule, one has 2(Lt)2gg| = /'(«) J. Thus, one finds that, 

^("-"°)-w("-''°)=" ^ "'''' 

When f'iuo) < 0, the solution is periodic with 

Period = , . (89) 

' f"{uo) 



2{Lt)2 

From the metric given in (51), we find that 



2(Lt)2 4 

and thus the perihelion is shifted by 



1 - —Mo (90) 



A(/)^ ^ ^ — . (91) 



4 / ro 
where Tq is the radius of the near-circular orbit. If the metric (59) is used one finds 

A^«(-]- . (92) 

For the metric given in (62), one finds that 

GttM , , 

A0^ , 93 

ro 

which is the standard result. 



6 Conclusion. 

The theory based on the conservative transformation group may provide a theoretical 
basis for a unified field theory and may also provide a theoretical basis for dark 
matter and the correct modification of general relativity. The Lagrangian for the 
field with sources may be used in a variety of applications, including quantization. 
The internal solution and its corresponding stellar model needs additional work to 
produce more realistic models. The external solutions, being non-compact, show 
promise for explaining dark matter. 
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